We show that there are simple 4-dimensional polytopes with n vertices such that all separators of the graph have size at least Ω(n/ log n). This establishes a strong form of a claim by Thurston, for which the construction and proof had been lost.
Introduction
For an arbitrary fixed constant c with 0 < c < 1 /2 (where traditionally c = 1 /3 is used) and a simple graph with vertex set V , a separator with separation constant c is a partition of V into sets A, B, C with cn ≤ |A| ≤ |B| ≤ (1 − c)n such that C separates A from B, that is, there is no edge between a vertex in A and a vertex in B. The size of the separator is defined as the size of the set C.
The Lipton-Tarjan planar separator theorem from 1979 [5] states that each planar graph on n vertices-and in particular the graph of any 3-dimensional polytope-has a separator of size |C| = O( √ n). No such general result can exist for d-dimensional polytopes, as their graphs may be complete. However, the situation for simple d-polytopes, whose graphs are d-regular, is interesting: Kalai had conjectured in [4, Conj. 20.2.12] that for any fixed d ≥ 2, the graphs of all simple d-polytopes on n vertices have separators of size O n 1 In our previous paper [6] we have shown that cutting off the vertices, and then the edges, from any neighborly cubical 4-polytope (a cubical 4-dimensional polytope with the graph of an m-cube) yields a simple 4-dimensional polytope with n = Θ(m2 m ) vertices such that any vertex separator has size at least Ω(n/ log 3/2 n). This disproved Kalai's conjecture, but it fell short of establishing a claim by Thurston, documented by Kalai in [4, p. 460] , who refers to [7] . Indeed this does not appear there, but Gary Miller told us (personal communication) that in the context of the work towards [7] , Thurston had claimed that there are simplicial 3-spheres on n tetrahedra for which all separators of the dual graph contain at least Ω(n/ log n) vertices. Miller reports that for this "Thurston gave an embedding of the cube-connected cycle graph in R 3 as linear tets [tetrahedra]". Thurston's construction for this seems to be lost.
In this paper, we prove a stronger version of this: There is not only an embedding of tetrahedra in R 3 , or a triangulated simplicial 3-sphere with n facets for which every separator of the dual graph has size at least Ω(n/ log n), but indeed there is a simplicial convex 4-polytope with this property. Our main theorem describes the dual polytope, which is simple:
There is a family of simple convex 4-dimensional polytopes NC c 4 (m) ′′ with n = Θ(m2 m ) vertices for which the smallest separators of the graph have size Θ(2 m ) = Θ(n/ log n).
We will obtain such polytopes by cutting off first all the vertices, and then the edges, from a specific sequence of neighborly cubical 4-polytopes. In Section 2 we describe the construction of the polytopes NC (m) ′′ , and derive the combinatorial properties, and in particular collect all information that will be needed on their graphs, which we denote by G m , G ′ m , and G ′′ m , respectively. The graphs G ′ m contain as spanning subgraphs the cube-connected cycle graphs of Preparata & Vuillemin [8] that Thurston presumably referred to. Then in Section 3 we review Sinclair's canonical paths method, which allows one to show that a graph has large edge expansion, which in turn implies that all separators are large.
Finally, in Section 4 we specify canonical paths in G ′′ m and show that not too many paths are routed through any edge of any of the four different types of edges in G ′′ , which we call "long," "medium," "extra," and "short". This completes the proof. The boundary complex of any such polytope is combinatorially equivalent to a subcomplex of the m-cube [0, 1] m , so its non-empty faces can be identified with vectors in {0, 1, * } m , or equivalently in {−, +, * } m .
The definition of neighborly cubical 4-polytopes immediately yields f 0 and f 1 . Using the Euler equation and double-counting, which yields 3f 3 = f 2 , we conclude that every neighborly cubical 4-polytope has the f -vector We now specialize to the case d = 4. The Cubical Gale Evenness Criterion is quite complicated even in this case, but we will not need the full description. Thus the boundary complex of NC (1, 2, . . . , m). The "long" and "medium" edges together form the cube-connected cycle graphs of Preparata & Vuillemin [8] . Finally there are (2m − 6)2 m additional "extra" edges between vertices (v, i) and (v, j) with j − i = ±1 (mod m), which we will not use in the following, but which together with the "medium" edges yield the graphs of the 2 m (simplicial) vertex figures.
The cyclic neighborly cubical polytopes
In describing G ′ m we refer to the 2 m subgraphs formed by the "medium" and "extra" edges as clusters. These cluster subgraphs are maximal planar graphs on m vertices and 3m − 6 edges. The clusters are connected by "long" edges in a cube-like fashion.
Then cutting off the edges
The polytope NC Here k is the number of facets that contained the edge that was cut off, or equivalently the degree of its end vertices in the cluster triangulations (that is, in the vertex figures from the previous step). The graph of each prism consists of two cycles of short edges, which both are k-cycles, and of set of k long edges that we refer to as a parallel class of long edges.
The graph G ′′ m of the resulting polytope NC c 4 (m) ′′ -illustrated in the bottom part of Figure 1 -has 2 m planar subgraphs that we again refer to as clusters, which are connected in an m-cube like pattern by parallel classes of at least 3 and at most m − 1 "long" edges. Each cluster in G ′′ m is a 3-connected 3-regular planar graph on 6m − 12 vertices, which consists of m cycles formed by "short" edges and m "medium" and 2m−6 "extra" edges.
The cycles of short edges correspond bijectively to the vertices of G ′ m ; thus they get labels of the form (v, i). "Medium" edges connect the subsequent cycles (v, i) and (v, j) with j = i + 1 (mod m), while the "extra" edges connect non-subsequent cycles. 
Minor relations
There are minor relations G
Here G ′ m is obtained from G ′′ m by contraction of the "short" edges in G ′′ m and identification of "long" edges that become parallel after the contractions. Similarly, G m is obtained from G ′ m by contraction of the "medium" and "extra" edges in G ′ m .
Greater generality
The construction and analysis in this section can be extended to the large number of combinatorial types of neighborly cubical 4-polytopes described and analyzed by Sanyal & Ziegler [10] : We can find a cycle going through the directions in a cluster for any labeling of the vertices of the polygon; [10, Thm. 3.7] tells how the triangulation is done.
In particular, the combinatorial type of the vertex figure for a vertex v ∈ NC 4 (m) is created by pushing the vertices of the polygon in the specified order until we hit a plus sign in the vertex label, which corresponds to pulling and completes the triangulation. Changing the order of the vertices means our cycle would not be (1, 3 Edge expansion and vertex separators for simple graphs
Definitions
Let G = (V, E) be a simple graph. For any set S ⊂ V , the edge boundary δ(S) is the set of edges with one end in S and the other in V \S. The edge expansion X (G) of G is then defined by
This quantity is crucial for the mixing properties of Markov chains on G. We consider it because of its close connection to separators: For regular graphs with large expansion, separators have to be large as well (see below). For some examples (including ours), the expansion can very efficiently be estimated by the method of "canonical paths" pioneered by Sinclair [11] . A nice introduction and overview was given by Kaibel [3] . (A number of powerful generalizations of Sinclair's method exist, for example using random paths or, equivalently, flows. We will not use these.)
Sinclair's canonical paths method
To estimate the edge expansion, Sinclair tells us to specify, for each pair of vertices (s, t) ∈ V × V , a path from s to t. Let φ : E(G) → N count for each edge the number of paths that use it. We can now bound the edge expansion in terms of φ max := max{φ(e) : e ∈ E(G)}.
Lemma 3 (Sinclair's lemma) . Let φ max be defined as in the previous paragraph. Then the edge expansion of the graph G satisfies
Proof. Let φ(δ(S)) be the sum of φ(e) over all edges in δ(S), which is at least the number of paths that use edges in δ(S). Thus we get φ(δ(S)) ≥ |S| |V \S|. On the other hand we clearly have φ(δ(S)) ≤ φ max · |δ(S)|. This means that for any |S| ≤ |V | 2 , Procedure P: If the path as constructed up to now ends at a vertex u 0 ∈ (u, k), then
Relating edge expansion and vertex separators
• If u and w differ in coordinate k, then take the long edge incident to u 0 , which leads to the cycle (u ′ , k), where u and u ′ differ only in the coordinate k. Then use only short edges and then a medium edge to get to the cycle labeled (u ′ , k + 1).
• If u and w do not differ in coordinate k, then use only short edges and then one medium edge to get to the cycle labeled (u, k + 1).
This procedure is performed at most m times until the path constructed reaches a vertex in the cluster labelled w, and then at most m − 1 times within this cluster until the path constructed reaches a vertex in the cycle labelled (w, j), and then in one final iteration we take less than m steps within the cycle to reach the vertex w 0 .
We will now proceed to show that the maximum number of paths through any edge of any of the four types is O(m 2 2 m ).
Long edges
There are altogether n 2 paths, and for each coordinate direction i, half of the paths take a long edge in direction i.
By symmetry, as the two possible values of the other coordinates are not distinguished by our construction of the paths, all 2 m−1 parallel classes of long edges are used the same number of times. Thus for each of the parallel classes of long edges, exactly (n 2 /2)/2 m−1 paths use (exactly) one edge from this class. Thus at most n 2 /2 m paths use any individual long edge. With n = O(m2 m ), we get n 2 /2 m = O(m 2 2 m ).
Medium and short edges
Each path is constructed, by the algorithm described above, in not more than 2m runs of the Procedure P, where in each iteration step we may take a long edge, then we may take a few steps in a cycle of short edges, and then take one single step on a medium edge if needed.
Extra edges are not used at all by our canonical paths. Thus, if all n 2 paths are taken together, the Procedure P is performed not more than 2mn 2 iterations times.
Moreover, due to the cyclic symmetry of the construction, which treats all directions equally, and due to the symmetry between the two values in each coordinate direction, all m2 m different (and disjoint!) edge sets of "a cycle of short edges plus the medium edge leaving it" is used by the same number of paths. (This reflects the fact that the symmetry group of the subgraph G ′ m formed by the medium and the long edges, which is a cyclically connected cube graph, is transitive on the medium edges.) Thus no short edge on a cycle, or medium edge leaving it, is used by more than (2mn 2 )/(m2 m ) = 2n 2 /2 m paths. With n = O(m2 m ), we get 2n 2 /2 m = O(m 2 2 m ). = Ω n log n , as n = (6m − 12)2 m and thus m = Θ(log n).
Wrapping things up
On the other hand, it is easy to see that separators of this order of magnitude exist: For this, for example, look at all the n m long edges of one particular direction (each vertex is incident to one long edge, and there is the same number of long edges in all directions), and take as vertex separator one end of each of these. This yields a separator of size n m = O( n log n ).
Final comments
Our construction can be extended to higher dimensions by taking prisms over NC c 4 (m) ′′ . For a fixed dimension d the resulting polytope has 2 d−4 times as many vertices as the original. There are d − 4 new directions and every vertex has an edge in each of these directions. We can amend our algorithm for example by taking edges in these directions first and then proceeding in the usual way.
It is still unknown if there can be graphs of simple polytopes with even larger smallest separators. In particular, it would be interesting to know if these graphs can be true expanders, that is, have smallest separators with Ω(n) vertices.
